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On the Order of a Restricted System of Equations.* 

By F. F. Deckeb. 



Section 1. 

In an earlier paper f the writer gave a proof of the theorem — announced 
without proof by Salmon $ — that the number of solutions of the system of 
equations arising from the vanishing of all the determinants of the m-th order 
that can be formed from a matrix with m rows and n columns, m ^> n, by the 
suppression of n — m columns, the elements in the i-th row and j-th column 
being of degree a. i J ra i in n — m-fl non-homogeneous variables is K n _ m+1 

where K l =Hc i hi^ i , c, representing the sum of all possible products of I 

different a's and 8 t the sum of all possible products of I a's, repetitions being 
permissible. 

In this paper the system arising from the vanishing of all the determinants 
of the r-th order that can be formed by the suppression of n — r columns and 
m — r rows, r^>m, r^>n, is treated. The order is shown to be 

TT If Tt 

■**- n—r+l ■"- n— r •••./*. n _ m ^.i 

•**-«— r+2 -"-n—r+l • • • '-"-n— m+2 / \\ 



"-n,— 2r+m+l **-n— 2r+m- • • ••"•n—r+l 

If the degree of every element is b the order reduces to 

i=m— r 

TT P 

±x n+m— r^m+l — i 
^0 . & <»-r+l)Cm-r+l> which may bg wr i t ten 

■'■■*• n+m— r^i t*=m— r 

<=0 TT p 

ix n+V-s n—r+l 
i=0 



t=m— r 

- 11 n _ r +i+jO n — r +i 

a result established by Segre. § 



■L (n—r+l) (m— r+1) /g\ 



* Presented before the American Mathematical Society, April 27, 1918. 

f " On the Order of a Restricted System of Equations," Ameeican Journal of Mathematics, Vol. 
XXXVII, No. 2, April, 1915. 

t Salmon, " Modern Algebra," Fourth Edition, pp. 283-313. 

§ Segre, " Oli ordini delle varieta che annullano dei diversi gradi estratti da una data matrice,'' 
Rendio. R. Aocad. Dei Linoei, Series 5, Vol. IX, session of October 21, 1900. 
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284 Deckeb: On the Order of a Restricted System of Equations. 

In § 2 the notation is defined and some preliminary relations are given. 
Theorem VI simplifies the derivation of the order for m>n after it has been 
derived for m^>n (Theorem XII). In §3 is considered the ease of the van- 
ishing of the determinants of two matrices having some common rows. The 
order of that part of the system for which the determinants of the common 
rows vanish is found (Theorem IX). In §4 is established by mathematical 
induction, with the aid to Theorem V, the relation (A) of § 1 (Theorem XIII), 
and the relation (B) is established in §5 (Theorem XIV). 



Section 2. 



u n 



. .u- 



In 



U ml . 



,u„ 



(r) 

oritur ° r (i:::: 



(r) 



denotes the aggregate of all 
u n u h 



determinants of the r-th order that can be formed from the matrix 



«ml- 



,U„ 



by suppressing vn — r rows and n — r columns. That all these determinants 
vanish will be indicated by 



«ii 



• %» 



*ml* 



,U„ 



(r) 



.n 
.m 



(r) 



=0. 



=0 or || *7 m „|r =0 or (J; 

M(h, k) denotes the matrix formed from (-,'"' ) by suppressing the 

first h rows and the last k rows, that is (, , .. ' ' ' ' ,] . 

The order of the system of equations J.=0 will be indicated by A. When 
the (r) is lacking from the symbol it will be understood to be the same as the 
smaller of the two numbers m, n. If r is one more than the smaller of the 
numbers m, n, the order symbol is to be understood to represent the number 1, 
and if r exceeds each of the numbers m, n by more than one, the order symbol 
is to be understood to represent zero. 

4> is an operator such the fyMihxjkJMfJkz, fc 2 ) . . . .M(h,, k,) produces the 
algebraic sum of all the products that can be formed from 

M(h\,k 1 )M(\,\)....M(h a ,k,) 

by interchanging jfc x with each of the other k's in turn, the sign of each product 
being given by the formula ( — 1)' 4+1 where t t is the number of inversions of 
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the natural order of the k's in the different permutations, the h's occurring in 
the natural order. K x = 2 c^^ and J"j= 2 difi-i where Cjs=2 II a t , y,=2 II a { , 

<=0 «=0 1 i=l 1 »=1 

and d and 8 differ from c and y, respectively, only in permitting repetitions of 
the same letter in forming homogeneous products. K =J =c =d =y =S^=l. 
When I is negative the values of the symbols are zero. K' s =K n _ m+s . 

u rs denotes a function of not less than (n — r+1) (m—r + l) non-homo- 
geneous variables, and r whenever the order is calculated in terms of K's or J's, 
u n is considered to be of degree a r +a s . 

Use will be made of the following relations (Theorems I-III), proofs of 
which may be found in a previous paper on the subject by the writer already 
referred to. 



Theoeem I. ( 1 ' ' ' " * J = K n _ m+1 . 



1 w\_v/ i\i+i/«+l nV^/i to 



\1 . . . . to/ ! v ' \ 1 .... m) \1 . 



.TO 



(m— i+1) 



_«, -, w +1 /l n— iY m) /n— to + 1 w— i+l\ (m - i+1) 

-Zil—l) ^ 1#>#>w y ^ 1....TO / 



<=i 



Theoeem III. 2( — 1)%_ 1 J, = 0. 



i=0 

r r r 

Theoeem IV. K n =K n —K n _ 1 T,a 1 +K n _ 2 1 Ea 1 a ;t — +(—l) r K n _ r Jla 1 a 2 a r , 

o=r+l. ..m 11 1 

where the a's run from 1 to n in all the K's, and the a's run from 1 to to, 
except in the case noted. 

To establish this relation we divide the terms of K n into those that con- 
tain a x and those that do not. From the definition of K, K n =a i K n _ 1 + K n , 

o=2....m 

whence K n =K n — a^K^ . Then we assume that 

a—2....m 

K n =K-K n J$u 1 + .... + (-iy- 1 K n _ l+ $ ai a 2 . . . ,a H 

r m 1 1 

+ (-l) l K n _i2a 1 a i ....a l +.... 

i 

It follows that 

r-l 

K n = %n —a-rKn-i = K n — ( a r + 2 Oi) £"„_! . 

r+l.,..m r.,.,m r....m 1 

r— 1 r— 1 

+ + (—l)'(a r 'La 1 a 2 a s _i+2a 1 a 2 a.,)K n _,+ 

i i 



=K n -K n _Jl ai + . . . . + (-l) s Z„_ s 2 ai a 2 .-. . .a, 

1 1 

r 

+ + (— l) r Z' n _ r 2a 1 a2 «,. 

i 
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Thboeem V. 


< i -»>(.+i::::»)4-= A - •"*>"• 






71.... n \ (1 n \ 11.... n \ 

\1 m—l) \1... .m—l + l) VL ... . m—l) 




where Aj= 


G::: 


. « \ /l . . . . n 
.m — 1/ \2. . . .m 


— Z+l/ \2....m— 1/ 














(I::: 


.n \ /l . . . . n 
.m — l) \l . . . .m 


-l+l) \l....m—l) 
M(0, I) M(0, l-l) 
M(l, I) M{1, l-l) 


....M(0,1) 
....M(l,l) 




M(l—l,l) M(l—l,l—l) 


....M(l—1, 



Proof: A S = E( — l) h+1 M(0, k x )M{l, k 2 ) .... M(s— 1, k s ), where k t , 
k 2 , . . . ., k s is a permutation of the numbers 1, 2, . . . ., s, and tf 4 the number of 
inversions of the natural order of the k's in the different permutations. "When 
$ operates on M (s, 0) A 5 and the series of first indices is restored to the natural 
order, all the permutations of the second indices except k x , k 2 ,...., k s , will 
be obtained and the number of inversions of the series of second indices will 
be changed by one. Therefore 

(l-^)M(s, ff)A»=2(-l)'« +1 tf @,\)M(1, h) ... .M(s,k l+1 )=A, +1 . 

Theoeem VI. A=A',* 

K, K s _ t ...1,1 00....0 



where A= 



K 



i+i 



K, 



.£ I JT 1 10....0 



Kt_ r K t _ 2 K x 1 

K t K t - X K 2 K x 



&s+t-l &s+t—! 



s+t— 2 • 



. K,.i K, 



s+l -"- s 



and A'= 



Jf Jt-l • • • -Jt-s+l 

Jt+1 v t . . . .J t . 



-s+2 



'«+*— 1 " t+s— 2' •••«/» 

and s~y>t. 



* For the case m = 0, Theorem VI yields a relation between the total symmetric functions and the 
elementary products of the a's. If also « = 1, there results a formula for the total symmetric function H, 
in terms of the elementary products, a formula which has already been proved by Roe in the Transactions 
of the American Mathematical Society, Vol. V, No. 2, p. 202, April, 1904. 
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Proof: 



et A" m 









(-1)'-V ( (-l)*- 2 ^ 

(-1)<-W ( -JW) (-i) ( - 2 (AVm-J ( ) 










1 
K t 1 



.(-l)'-^- 8+1 



»+t-l t+t-i t 

s i-iy-x^ji s i-iy-x^ji.... s (-iy-%j t 



l-s+l 



A ni = 



H) H (Wr/w) H) h (Vm-J.) 



(-1)'-Wh s Wm +2 ) 



A IV = 



i+(-l s+t— 2 

< t-i 






2 (-1)*^, 

-s+1 



+/, 


+J t -i 


~ "J+l 


-J t 


4"y(+2 


+Jm 


(-l)-v 


-i ( _ ±y~ Jt+s-i ■ • 


also let 1: 


= {t-s)s, 


P- 


=l+j(2t-s-l), 



(-i)-v, 



andDs 



1 
Z x 1 



ff,_i X,_ 2 . . . . 1 



2 : 



p-f— , when sis even, 
P+~q-> when sis odd, 



, g therefore 



always being even. 

If for the JST's of the first column of A the valnes given by Theorem III 
are substituted and the result expressed as the algebraic sum of s+t— 1 
determinants by using the corresponding terms of the elements of the first 
column for the first columns, then the process repeated for the second, third, 

, s-th column in turn, the sum of the determinants that do not vanish on 

account of columns differing by a common factor is identical with A"; If A 11 
is expanded by Laplace's development in terms of its first t—s rows, the 
result is (— 1) ( -A m . After the factor (— l)' -1 is removed from the first 
column, (— l)' -2 from the second, and so on, the resulting determinant is, 
according to the product theorem for determinants, D • A IY . Thus 








K t _ 1 K t _ v ...K,+ 1 K, 



A= (-!)»• 2)-A IV =(-l) 9, A'=A'. 
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Section 3. 



/I n Y m ~ v /1 m. \(n»-D 

(-,''*' I will now be considered. ( ., =h0 unless 

\1. . . .TO/ \1. . . .TO/ ^ 

(-,''■' -i ) = and (o'"' ) = 0. It vanishes with them except when 
\1....OT — 1/ \2....to/ e 

(l- ::::-!)=<>■* "(S)~=(S-i)-(E)-* ™* 

value of X will now be found, or rather a quantity satisfying a more general 
condition will be found (Theorem IX), and from it the value of X will follow 
as a special case. First, however, some preliminary theorems (VII and VIII) 
will be proved. 



*~ ™- G::::5 8 )=fS) + ©-(JS)+CSf)- 

This relation will be proved by a system of sections. The section of 
" ' ' ' j=0 by the spreads f „ *) = ^ degenerates into two parts of the 

dimension for one of which, say A, L ) and (-. ' ' ' c) also vanish, and 



same 



for the other #«■ (jj 5) = 0- Thus (] ' ' ' ' f\ = A + B. Again, taking the 

/ 23 \ (1) / 2 \ 

section of ^4=0 by [oak) =0, the section of jB=0 by i„._j=0, and then 

taking the section of one of the parts into which B=0 degenerates by 

|=0, it is found that 



L.-.S^WLW + ^jJ + ^jK^ + ^J + i 345 
=C+D+E, where ^= (i)(il) + ( 2 |), 

M©+d)](SH*=fa^ 6 > 

Now C is seen to give the first term required and D the second, by taking 
sections by ( 2 ]=0. The theorem follows. 

* See author's paper already referred to. 
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Proof: Theorem Vila shows the relation to be valid for »=6, w=5, Jc=2. 
It will be assumed to be valid for n — 1, m, k and for n — 1, m — 1, k — 1. Then 

taking the section of (] m ) =0 by (2 X m) =0,lt follows that 



\1 m)~\l)\l mj^\2....mj 



\l/,-=«-m+ »\1 V \k + 1 m) 



<m — k) 



, '"Ij- 1 /2....»y*- 1> /»+2....ny"-* ) 



li/li A;/ ^"(2 aJ = li k) > as ma y De seen °y t a ^ m g t^ e 

section of the manifold ('' 'J— by ( „ J- ) ^ ^> an< ^ *^ e theorem follows. 
Consider the two systems of equations 



7= 



\1 s/ /l «\ 



The vanishing of I is a necessary but not sufficient condition for the vanishing 
of II. For the system I there may be obtained an equivalent system III by 
means of a formula previously found by the writer — the formula from which 

( ' ' * ' 1 is found in Theorem II — and, in general, for a part of this system 

II vanishes and for a part it does not. Let Y jw k represent the part of the 
system III, and therefore the part of the system I, for which II vanishes. 
The value of Y u k will now be investigated. 

Theobem Villa. If j>k—s+2, Y hk =0. 

/I k\ /i n\ M 

For in this case (-,''"' I and \i'''' ) combined contain not more than 
\l....s/ \1....8/ 

[k — s+lj + [n — i+1) — s+1] linearly independent determinants, which is 
less than n — s+1, the number contained in ( 1 ' ' ' ' j and (-1 ' " ' ) can not, 

general, be made to vanish with (-.'"' ) and ({*'*' ) 



m 

\x. . . .s/ 

(«) 
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Theorem Vlllb. 2/ j=k — s+2 and k = n — 1, then Y jt k = Y n _, +lt „_ x 



-£::::> 



p«»f=g:::::)=|(-i)«(i::::r , )"(- ,+ i::::r i+1 ) 



by Theorem IL Therefore (J; ; ; TTt"^" '• T = (^ i '• -)'" +J '' 
where none of the matrices in F contain the n-th column and for none of them, 
therefore, does L ' " " * j vanish. Therefore F B _ 8+ln _ 1 =L' 



Theorem VIIIc. 7/ /=fc-«+2, Y Lk = r*_ 8+M = (J ; ; ; ; j). 

Proof: By using the value of L * ' ' * w ] of Theorem Vlllb and reducing 



!••••** ) by means of Theorem II 
1 . . . . s ' ' 



a » 

a....* 



. V/ 1 \«A »— *— lW*— *+i n— «\ (s - t) 



/l w— 2\ (, T/w— 5 n— l\ w /n— s+1 nV" /n— s+1 w— lV'- 1 '! 

: U....« j LI i....* ) \ i-^i v i....« / J 

. /l n— 3\ (< T /n— s «— 2\ (s - 1) /«— s + 1 * 

+ U-...S / |_\ l...".« J I !••••* 

+ r s+ i::::rT>(^^)l] + ---- 



1 n _2\ (s) / w — s w\ (s) , /l n— B\ w r/n— s— 1 %\ <s) 



+ 



1....S V 1 8 ^\l....s / IV !....« 



TC 



w— s — 1. . . .%— 2\ M fn— s. . . .«Y 5) ~ 
1....S / I !....«, 



>0::::rT[] + -- 

We will suppose this relation to be valid in the formula obtained for 
| • • • • J after w — Jc—2 reductions have been made, that is, that 



/l. . . .»\ /l. . . .k+l\ w /k— s+3. . . .n\ M ,/l. . . .ftV'T/fc— s+2. . . .«\ ( " 
U....J~U. ...g yj I l. ...sj + u. ...sj (A l....s) 

/ft— s+2. . . .&+1W&— «+3. . . .w\ (s> l , /l. . . .k— 1\ (5 T1 _i_ . 
-(, l....s ) K l....s) J + U....S ) U + 
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Reducing (i ' ' ) by Theorem II, 

/l. . . .n\ u) _/k— s+3. . . .n\ u T/l. . . .k\ u Vk—s+2. . . .k+l\ M 
Ki....sJ -\ l....sj LU....J k 1....* J 

/l. . . .A;— l\ (rt /&— s+2. . . .kV*- 1 ' 1 

-K1....8 ) t 1....J + *"J 

, n k\ u T/h— s+2 «\ (s) 

+U...V Lv 1....J 

/&— s+2. . . .A+lN^/A— s+3. . . .«\ (s) 1 , 

"A 1....8 J \ i....s) y--' 

<iEm j= ^ n s'<i^rn + ■■■■■ 

matrices in F contain the w-th column. Therefore T fii = Y k _ i+2k =(^' " ' S J 
Theorem VHId. If j=k—s + l, 



the 

(s) 



v -v _/k-s+l....nV»/l....n\ w 
**.*— -«Wn.»— ^ x 5/ / ^i S/ / • 

Proof : 

/I. . . .k\ M /k— s + 1. . . .n\ w _/l.. ..k\[/k—s+2. . . .n\ u) /k— s+1. . . .&V S) 

U..-.-.J v 1....J -U....JIA i....sM i....sj 

//b— s+3. . . .n\ u VA;— s+2. . . .k\ ( *-" 
~K l....sj K l....sj 

. /A;— s+4 nV'Vk— s+3 &Y 4_2) 1 

+\ l....s) K l....s) -••••J- 



Therefore 



_/fc-s+l....A;Y s) ^ 
1 '-•■li t — l ^ sJ 



k—s+l. k — V. X S ) h ~ S+i ' k 

fk—s+2....k\ u -»v. ,/k—s+3....k\< s - 2) y. 

V l....sj **-+». *+^ l....sJ "-" J - ih 



■ k-s+t, k' 

\ JL . . • • OS 

. (8) 



But F fc _, +2>ft = (^ 1 s J by Theorem VIIIc and T k _ s+3>k = Y k _ t+iik 
. ..=0 by Theorem Villa. Therefore 



V -v _(k-s + l....k\™n....n\ w 

Xj.k-Xk-s+l.k-^ l....sj \l....sj ' 



37 



292 Decker: On the Order of a Restricted System of Equations. 

Theorem VIII. The order T jk of the part of the system (■,"'' s ) = 0> 
Q- ' • '^=0 for which Q"' '"V* ' = is 

/] k\ u} /l n\ U) - • - , - 

Proof : Suppose it was already shown that 






Suwo Ci....J U....J 

_Vl....fc\ (8) ^ s , - w +1 /;+». . . .n\ w /j-l + i. . . .;+^-l\<-«+» 

-\i....sj i fi (_1) k i....j v 1....5 ; 

by Theorem II, 
Therefore 



r - ru-i W'- 1+i - • • •i+s-iV s "' +1) r 

r ''*-£i l 1) V 1....5 ) Y}+i - k 



= s'(-i) <+i C ; '~ 1+ *" • ■ •i+ s - i y 5-t+i y/+ i - • • .*Y'vi. • • .»y s) 

= /i. . . -"V" 2*(_i)«+i(^+»- • • .*Y*Yj-i+»- • • .i+s-iV 8 - i+1) 

KI^^S'''^ Theorem n 

It is to be noticed that Theorems Villa, b, c are special cases of Theorem 

i ' ' ' ' ) has the value 1 when 

j=Jc— s+2, and the value when j>h — s+2. 

— /I n\ in 

Theorem IX. The order X hl of the part of the system ( -i ' " '7 ) =0> 

/l n \ <m -*+ 1) A . . . . /l n\ {l ~ h+1) n . 

(*.... J =°>f° rwhtch (h....l) = 0iS 
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*•"■ G::::?r%Z£::::i-0 C i+ 2::::7) 



, (j— ft+D 



Cw» — ft+1) 



and ( 1 h -- n Y~*"=T(l-- l j 
according to Theorem VII. Therefore 






1 nV'yi wy m -*+»- 



G: 



_ i= fr 2 /l t \ (ft - 1) /i+-2 n\ 

- =n _f +A -iU....fe-l/' V h....lj 



2 G: 



j=n— m+l 



.j\ ll - h+1) (j + 2 w Y™ - '" 



U+l. 



, w 



; 



t=;— j+ft— 1\1 • • • •"• 1/ 

Therefore 



<ft_l) /=J-'A ,-^ .■j\ a ~ h+1> /* + 2< 



. ..A V*+ 2 n> \ 



a-A+i)^_l_ 2 . 

u+i. 



,n V m ~ l) 
.mj 






}'=»— m+J 



•'\H1 W 



<= £- 2 /!....% \ ih ~ 1) '=£-* /i+2. . . .i\ a - ft+1 Vl. . . .n\ a ~ h+1 Vj+2 . . 

- = ,i +ft _ 1 u....fc-i; ',=„- ro+ A *....*; U....j; u+i.. 

by Theorem VIII, 



.my ' 



=0: 
=0: 

=G". 



.n\ 
.1) 



«-*+»<-»-« /i....» \<*-» '-&-* /i+2....iY i_ft+1 Vi+ 2 - 



€==/ — f+ft— 






(m-Z) 



,n s 
.1. 



\<l-h+V i=ft-2 /I ,* \<*- 1) /«4-2 « x (m-fc+1) 

J S U ! ,) ( l"" ) , by Theorem VII, 



.n 



"y *-*+»/! w \ 



(m) 



, i i . i , by Theorem VII. 



Corollary: X Kh = $(\ f)(\ n m \ according to the definition of q>. 

Section 4. 



Theorem X. If m > n, (^{'"^J 

Proof : As previously pointed out f * 
T _(T7^7n~ yl.... n\_/r 

The theorem follows. 



(m— i) 



/l w \ /l n\ 

\1. . . .w— 1/ \1 w/ 

/l n \ (1 n\ 

\2 m—lj \2 m) 



1. 



.»y"-"_/i n yi n\ 

.m) ~ \l....m — 1/\2. . . .my 

)(2'.'.::l-i)' byTheoremIX - 



.n 

.m 
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Corollary: (^ ' 



.m) -\K' 3 K' 2 



Proof: Kl.'.'.m) = 



, where K'i=K n _ m+{ , m > n. 
, by theorems X and I, 

, by Theorem IV, 



K' 2 K'i 

o=l....m— 1 a=l....m 
a— 2.... m—1 a=i....m 

K' % —a m K' x K[ 

a=2 m 0=2 — m 

a=l....m a—l....m 

K's K' t 

a~2....m a—2....m 

By introducing a! into the second row in a similar way, the corollary follows. 

. <m-2) 



Theorem XL If m > n( ., ' " ' } 
1 * \l....mj 



(1 n \ (1 n \ /l n\ 

\1 m—2J \1 to— 1/ U mj 



'1. 



1. . . .n 



(\ n \ (\ n \ (\ n\ 

\2 to— 2) \2 to— l) \2 m) 



■= say A 3 . 



/I n Wl n \ (1 n\ 

\3 to— 2J \3 to— 1/ \3 m) 

Proof: (]--'- n ) (m ~"=fzO unless (\- • • - n Y^^O andfi' 

It vanishes with them except when ( '"' n -. )=0.* 

r \6 . . . .to — 1/ 



1. 



.n 
.w 



)=' 



Hence (]- •* Y"~ =(T • ' •« n Y f ^ ' ' '" )-X, „-, 

- (1 -^l3....»Al....m-lJ ' 

by Theorem IX, corollary, 

/l n \ /l n\ 

\1 . . . . to — 1/ \1 . . . . to/ 

/l n \ (1 n \ ' 

\2 to— 1/ ^2 mj 

by Theorem X, 



=A 3 , by Theorem V, 



* See author's paper already referred to. 
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COBOLLAEY : 



/l n\ im ~'"_ 

\1 . . . . mj 



V IT' V 
K s 7L 2 K x 

K'i K' 3 K' 2 
K' & K'i Kg 



, K' i= K n . 



m+i » 



m^> n. 



Proof 



/l n 

\1. . . .m 



)(m— 2) 



K' 



K' 



3 JL S K t 

a=l....m—2 a=l....m—l a=l....m 

K\ K' z K' 2 

o=2 — ot-2 o=2 m— 1 o=2 m 

#* #; ^3 

o=3....m— 2 o=3....m— 1 a=3....m 



, by Theorems XI and I. 



By means of Theorem IV the missing a's may be introduced as in the 
proof of the corollary of Theorem X, completing the proof. 

Theorem XII. If m^ n, 



VI. . . . mj ~ 



G: 
( 



l.. 

2.. 



.n\ /l. . . .n \ 

.r) \l....r+lj 

.n\ /l. . . .n \ 

.rj V2....r+V 



,(l....n\ 
\1. . . .mj 

\2 m) 



/ 1 n\ / 1 n \..Y 1 w> \ 

\m — r+1. . . .r) \m — r+1. . . .r+1/ " \m — r+1. . . .mj 

= say A m _ r+1 . 

Proof : It will be assumed that a relation shown in Theorem X to be valid 



for (i:*: : :I) m is valid for (i: : : :l-0 r > namel y= 



/l n \ w _ 

U....m— 1/ _ 



/l w\ /l n \ (1 n \ 

\l....rj \l....r+lj ""\l....m—lj 

/l n\ /l n \ /l n \ 

\2....r) V2....r + 1/ ""\2....m—lJ 



/ 1 n\ / 1 n V..Y ! w N 

Vw — r. . . .r/ \m — r. . . .r+1/' \w— r. . . .m—lj 

= say A m _ r . 



Then f 1 ' ' ' - n X r> -f 1. . . .n N/1. . . .» Y rt _^ 



m— i 



*• ™'\m — r + 1. . . .m/\l. . . .m — 1/ ' 

by Theorem IX, corollary, 

= ( 1 "4>)( w _ r+ i; ; ; i)A M =A^, by Theorem V. 
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CoBOLLABY ; 



(?:::: 



n\ (T \ 



m 



) 



K' 



m — r+1 



m — r+2 



"-m—r 
■^-m— r+1 






■"-2(m-r)+l ^2(ra-r) 



Proof: (\'--' n Y = 
\1. . . .mj 



-"- m— r+1 
o=l r 

w 

-"-m— r+2 
o=2 T 



K' 

"•m—r 
a=l....r+l 

•&m— r+1 

o=2. ...r+1 



• • •■^-m-r+l 

where K'i=K n _ m+i , m>w. 

0=1. ...m 

#2 

o=2 m 



JTi 



2(n»— r)+l 



Ki 



2(m— r) 



2fi 



»n — r+1 



o=m— r+1 r o=i»— r+1 r+1 o=m— r+1.... 11 

by Theorems XII and I. 



By means of Theorem IV the missing a's may be introduced as in the 
proof of the corollary of- Theorem X, completing the proof. 



Theobem XIII. For all values of n, 



( 



.to/ ~ 



K n - 



K 



»— r+1 



n— r+2 



"-n—r 
■K-n—r+1 



• K-n-m+1 
•A-n— m+2 



™-n— 2r+m+l •*»•»— 2r+m 



■ K, 



n— r+1 



(A) 



Proof : Theorem XII, corollary gives the result if m]>»}. If m > n, 



(1 n V 
1 ' " ' ) can be calculated by the method of this paper with the interchange 

of rows and columns. The result will be the A' of Theorem VI where 
t=m — r+1 and s=n — r+1. But when m>n the determinant of Theorem 
XII, corollary becomes the A of Theorem VI with the same values of t and s. 
The theorem follows. 

Cobollaby : For all values of n, 



G: 



.n y r) . 

. mj 



G::::D 


fl....n \ 

/l....n \ 

V2....r+i; 

. .n\ / 1. . . .11 \ 
. .r ) \m — r+1. . . .r+1/' ' 


.yi....*\ 

\1. . . . TO/ 

.yi....»\ 

V2 m) 

..( !•• 

\w — r+1. . 




G::::") 
( 1 -- 

\m — r+1. . 


.TO 



) 



This follows from Theorem XIII by retracing the steps of the proof of 
Theorem XII, corollary. 
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Section 5. 



(1 n \ <f) 
■•' " ' ) , where each element u i} is a function of 



%=m — r 

n 



degree b is £ 



n 

n+m—r^r—l+i 
i~o _ 7 ( TO _r+iXn— r+1) 



m—r 



TT C 

1=0 

Proof : In this case the a's may be taken each equal to b, and the a's each 

" • /~1 n V' 

equal to zero. K 4 then reduces to [2ai.a 2 . • • • fl<]a y =» =: »>Cr&\ an( i ( i ' "' ) to 



,(m-r+lKn-r+l) 



A where A= 



n yj n—r+1 
„O n _ f+ 2 



n 

n'-'n — r 



tr-'n — r+1 

f c 

m'-'m— 2r+m+l n^n— 2r+m 



n 
n 

• n^n— m+2 



JO. 



n^n— r+1 



Next we apply the formula „C,= n C n _ t - to each of the elements and multiply 
the resulting determinant by unity in the form of the determinant 



>Cq 











tt-r^l m _r_iCo .... 

r^m—r m—r—V^m—r—1 • • • • -'• 



tit — T TO— r TO- 



This gives for the element in the ft-th row and the fc-th column, 

{n-\-m — r+1 — h)\ 



n+m- 



r-r+1—h^r-l-h+k — 



(r— 1— h+k)\{n+m— 2r+2— k)\ 

(n+m— r+1— JQ^^j+jjVi 
(r— 2+*)I(»+m— 2r + 2— A;)! 



, ,Po=l. 



The factorial number in the numerator is constant for a given row as is 
the denominator for a given column. Hence A=AA', where 



fc=m— r+1 

£ (n+»— r+1— *)! 



fc=m — r+1 

2 (r— 2+Jfc)!(n + m— 2r+2— *)l 

fc=i 



and A' = 



fc=l. . . .m — r+1 

r-2+fcPft-l 

k = l. . . .m — r+1 



"h,k\ 



Let D'a h>k ^a h§k ~a Kk _ 1 , D'a hA =a h)1 . Then \D'a h>k \^A'. 

fc=2 — m— r+1 

D'a Kk = r _ 2+k P h _ 1 - r _4 +k P h - 1 = [ (r—2+h) - (r-l+k~h)] r _ a+k P h _ 2 

= (h l)r-3+fcPft-2 . 
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Finally 

_((h—l)\, if k=h 
~|0, if k>h. 
0! 

1! .... 

2! .... 



Hence 



A'== 





(m — r)! 



i=m — r 

: n i 

«=0 



Hence A—A'A- 



n (n-\-m — r — i)l II il 



i=0 



i— to— r 

*•*■ n+m—r^r-1+i 
i=0 



n (r+i— 1)! n (ra+m— 2r+l — i)! U 



i=0 



n 



The theorem follows. 



(1 n V 
' ' ' \ f where each element u it is a function of degree b, is 

(B) 



t=m — r 

n r 



«=0 



m+i^n— r+1 



,(m— r+lHn-r+l) # 



" n-r+1+i^n— r+1 



t=0 



Proof : By changing the form of two of the factorial numbers in the value 
of AA', and introducing the factor [(n — r+1) !] (m -»' +1 > in the numerator and 
the denominator 



AA'=^ 



n (n+»)I 



i=m—r i=m—r 

n»!(n-r+l)! U n+i C n _ r+1 

i=0 ,_ . i=0 



n (r— l+i)l(n— r+1)! II (n— r + l + i)! 



i=m— r 

n 



1=0 



i=0 



n— r+l+ 



^0 B _ r f i 



The corollary follows. 



* See paper by Segre, already referred to. 



